parameter for selecting quadrants (-) k HR straightening coefficient (-) L, L PP Abstract Many access channels and harbours suffer from sedimentation and formation of mud layers. To keep navigation safe and economic, extensive maintenance dredging is needed. Until now, the required level of dredging has always been determined by making use of the physical characteristics of the mud layer, which does not necessarily result in efficient dredging. Ship behaviour also matters, and knowledge of ship manoeuvrability can help to redefine the level of dredging required. A mathematical model of manoeuvring for simulation purposes, based on a comprehensive series of captive model tests, is presented, along with a selection of results. wake factor (i = 
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Introduction
The depth of water has a significant effect on a ship's controllability when entering a harbour or navigating through access channels. The required depth is defined as a function of the under-keel clearance (ukc), which in Belgian waterways has to be at least 10%-15% of the ship's draught. The available depth can be measured using echo-sounding techniques, which give accurate results in the case of a solid bottom. In many access channels, however, the bottom is covered with a mud layer. High-frequency echo-sounding allows the watermud interface to be localised accurately, whereas lowerfrequency signals appear to penetrate deeper into the mud and give less clear results. In muddy areas, the concept of nautical depth and nautical bottom is therefore introduced. The nautical bottom is defined as "the level where physical characteristics of the bottom reach a critical limit beyond which contact with a ship's keel causes either damage or unacceptable effects on controllability and manoeuvrability". Until now, little was known regarding ship behaviour in muddy areas; an overview of research on this subject is presented by PIANC. 1 For this reason, the definition of the nautical bottom has until now been based on an analysis of the physical characteristics of the mud. The nautical bottom is located at some depth below the water-mud interface where, from a rheological point of view, a transition between fluid mud and plastic mud can be defined. Fluid mud is characterised by a low solids volume fraction and can be considered as a loose suspension similar to water; plastic mud, on the other hand, is a sediment deposit that, besides a clear viscous behaviour, shows elastic properties as well, and is in this respect comparable with soils. The change in structural behaviour is referred to as a rheological changeover or a rheological transition. Because it is difficult to measure the rheological profile by means of a continuous survey method, the critical value of the rheology is usually linked to a critical density of the mud layer. In the 1980s, intensive monitoring in the harbour of Zeebrugge, Belgium, revealed that the rheological transition occurred where the mud layer reached a density of 1150 kg/m 3 or more, and so this value was adopted as the critical limit. Other harbours will have different critical densities, depending on the composition of the mud.
The introduction of the nautical bottom concept for Zeebrugge resulted in a significant reduction in maintenance dredging costs. However, more recent measurements (1997) (1998) have shown that the characteristics of the mud layer are changing. Two rheological transitions seem to occur: a smaller one at a density range of 1080-1120 kg/m 3 and a second, more significant one, where the density of the mud reaches 1180-1250 kg/m 3 . A new critical limit for the physical characteristics of the mud could be defined based on the second transition. In this case, dredging costs would be cut further, but contact between ships and the mud layer would be more likely, with possibly unacceptable effects on controllability and manoeuvrability.
Additional research was needed, and so an extensive research project consisting of model tests and manoeuvring simulation runs was carried out between 2002 and 2004 at Flanders Hydraulics Research (Antwerp, Belgium) with scientific support from Ghent University.
In this article, the emphasis is put on the development of a mathematical model for simulation purposes, based on the results of captive model tests in a towing tank covered with an artificial layer of mud. Preliminary results, focusing on the linear hull derivatives and the dynamic stability indices, have already been published.
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Experimental programme
Test facilities
Flanders Hydraulics Research (Waterways and Maritime Affairs Administration of the Ministry of Flanders) is particularly concerned with the investigation of ship hydrodynamics in relation to the concept, adaptation and operation of navigation areas. For this purpose, a ship manoeuvring simulator has been installed.
To provide the mathematical model of this simulator with realistic data, especially in the (very) shallow water range, the availability of experimental facilities was considered a necessity. At present these facilities consist of a shallow water towing tank (88 ¥ 7 ¥ 0.6 m) equipped with a planar motion carriage, a wave generator and an auxiliary carriage for ship-ship interaction tests. Thanks to computerised control and data acquisition, the facilities are operated in a fully automatic mode.
Ship models
The following three ship models were selected (see Table 1 ): a 6000 TEU container carrier (D), a tanker (E, Esso Osaka) and an 8000 TEU container carrier (U). All models were equipped with a propeller and rudder. Most experiments were carried out using the 6000 TEU container carrier D, which is relevant to the shipping traffic in Zeebrugge; only the test results of this ship model will be discussed.
Bottom conditions
Mud was simulated by a mixture of two types of chlorinated paraffin and petrol, so that both density and viscosity could be controlled within certain ranges. For environmental reasons, the tank was divided into three compartments: a test section, a "mud" reservoir and a water reservoir. The bottom and walls of the tank were protected with a polyethylene coating.
The selected bottom conditions are shown in Table 2 . The density-viscosity combinations were based on measurements of density and rheological profiles carried out in the outer harbour of Zeebrugge from 1997 to 1998. A mud layer configuration is defined by two characters: a letter (b-h) denoting the material characteristics and a number (1, 2, 3) representing the layer thickness. Tests carried out above a solid bottom are referred to as S.
For model D, the gross ukc relative to the tank bottom was varied between 7% and 32% of the draught, yielding -12% to +21% ukc relative to the mud-water interface. For model E, the applied ukc ranges were 10% to 15% (-10% to 10% relative to the mud-water interface). The runs with model U were carried out at 15% and 21% ukc above mud type d. Throughout this article, the water-mud interface will be used as a reference for expressing the ukc, unless specified otherwise.
Test types
For each combination of mud type, layer thickness and ukc, a captive test programme was carried out to determine mathematical manoeuvring models covering a range of speeds between 2 knots astern and 10 knots ahead. Taking account of the type of manoeuvres that had to be simulated, a large range of kinematic and control parameters was covered: drift and yaw rate angles from 0° to 360°, propeller actions ahead and astern, and rudder angles from hard port to hard starboard. The experimental programme consisted of bollard pull tests with various rudder angles and propeller rates; stationary tests with various forward speeds, rudder angles, drift angles and propeller rpm; harmonic sway and yaw tests; and multimodal tests with variable speed, rudder angle and/or propeller rpm.
The following data were measured: longitudinal and lateral force components fore and aft, vertical motion (four measuring posts: fore/aft, port/starboard), rudder parameters (normal and tangential forces, torque and angle) and propeller parameters (torque, thrust and rpm). In particular cases, vertical motions of the mud-water and water-air interfaces were also recorded.
Mathematical modelling
Overview
Based on the results of the captive model tests, a mathematical model was developed for each condition, taking into account the Froude similarity law. The mathematical model is of a modular type and takes the physical background into account. The hydrodynamic forces induced by the hull (H), propeller (P) and rudder (R) are analysed separately. The total force a ship is subjected to is found by superposition:
The mathematical models have to be valid over a broad range of conditions: four-quadrant propeller action and 360° drift and yaw rate angles. It was decided to formulate the force components by determining nondimensional parameters in a tabular form, rather than attempting to define analytical expressions.
Hull forces
Longitudinal force
The longitudinal hull force is given by:
The effect of the velocities is modelled with tabular non-dimensional functions of the drift angle b, the yaw rate angle g and a drift-yaw correlation angle c, defined as:
A point of interest is the dependence of X H on the accelerations (u . , v . , r . ). Usually the longitudinal force will be affected only by longitudinal accelerations. However, when the ship's keel comes into contact with a high-density mud layer (>1200 kg/m 3 ), sway and yaw acceleration also appear to have a significant influence. Moreover, the speed-force relationship appears to be no longer quadratic, so that for each speed a separate Table 1 tabular function must be introduced. In all other cases these influences are unimportant.
The non-dimensional resistance of the ship is shown as a function of ukc for several bottom conditions in Fig.  1 . Contact with high-density mud layers leads to a dramatic, very sharp increase in resistance, whereas the interface does not appear to be a strict boundary for low-density mud.
Sway force
The sway force is modelled as follows:
Hydrodynamic inertia (added mass) terms for sway increase significantly with decreasing water depth and increasing density and viscosity of the mud layer, as is illustrated in Fig. 2 . When the ship's keel penetrates deep into the mud, very large values are observed, up to seven times the ship's mass. The layer characteristics appear to be important parameters, even if no contact occurs with the mud layer: the shallow water effect is smoothed with increasing layer thickness and decreasing mud density and viscosity. Indeed, an abrupt transition cannot be observed at h 1 /T = 1. The non-dimensional lateral force caused by drift increases with decreasing ukc, as shown in Fig. 3 . The thickness of the mud layer appears to have no effect on the magnitude of the force; this is illustrated by comparing conditions (g2; -1.1% ukc) and (g3; -12.2% ukc), both carried out with 10% ukc above the solid bottom. centrifugal force (-mur), appears to be of increasing importance and counteracts the centrifugal (i.e. acting away from the centre of rotation) inertia force completely at extremely small positive values of ukc, as shown in Fig. 6 . For smaller and negative values of ukc, the resulting lateral force caused by yaw even becomes centripetal (i.e. acting towards the centre of rotation). The transition from centrifugal to centripetal action takes place at larger values of ukc when the density and viscosity of the mud layer increase and the thickness of the layer decreases. Therefore, this effect is not to be considered as a typical characteristic for ship behaviour in muddy areas, but rather as a (very) shallow water effect.
Yaw moment
The yaw moment is modelled in a similar way to the lateral force: 
Propeller-induced forces
Propeller thrust and torque All ship models were equipped with a single propeller, see Table 1 . For each propeller, open-water data C T (e) and C Q (e) for the four quadrants is available, or could be derived from the Wageningen B-series. 4 The hydrodynamic advance angle e is given by: 
where u P = (1 -w)u and represents the advance speed of the propeller, with w being the wake factor formulating the relationship with u, the forward speed of the ship. The four quadrants are defined as: 1st quadrant (Q1): 0° < e < 90°; u > 0; n > 0 2nd quadrant (Q2):
90° < e < 180°; u > 0; n < 0 3rd quadrant (Q3):
180° < e < 270°; u < 0; n < 0 4th quadrant (Q4):
270° < e < 360°; u < 0; n > 0
The thrust and torque coefficients are defined as: w T (e*) increases when navigating above or in contact with low-density mud layers. In contact with highdensity mud layers, a significant decrease in the wake factor was noted; this phenomenon can be ascribed to the vertical interface motions. w Q (e*) always takes larger values when navigating in muddy navigation areas, especially when the ship is touching the highdensity mud layers. Although there are indications that the propeller thrust is affected by drift, 5 this influence has not been taken into account and will be incorporated in the thrust deduction factor.
Using Eqs. 8-10, a model for the thrust and the torque can be developed: . tan p r e e (14) Figure 10 shows the effect of mud on the overall efficiency of the propeller: compared to a solid bottom, a significant loss of efficiency is apparent, especially for negative values of ukc. 
Longitudinal force
The thrust yields a longitudinal force given as:
with t being the thrust deduction factor, formulated as a function of the apparent hydrodynamic angles e*, f* and g *, given in Eqs. 12, 16, 17. A larger value for t-which implies a smaller longitudinal force for a given thrust-is obtained at positive values of ukc with high-density mud layers; if the ship's keel touches the mud, on the other hand, t is larger for the lightest mud layers (Fig. 11) . f* appears to have a significant effect only in the first quadrant when navigating above light mud layers (Fig.  12) . g *, on the other hand, is only significant in the fourth quadrant, especially when navigating in contact with high-density mud layers.
Lateral force and yaw moment
Formulation. Besides a longitudinal force, propeller action also causes a lateral force and a yawing moment as a result of asymmetry of the flow. This phenomenon is especially important in the second and fourth quadrants. In shallow water, it is observed that these actions are not constant with time, 6 but contain an important slowly oscillating component, the amplitude of which depends on the propeller thrust, see Fig. 13 . This effect is also included in the mathematical models: 
The parameters K 1 and K 2 depend on the quadrant. K 1 = F n in quadrant 1 and equals 1 in other quadrants; K 2 = 1 in quadrants 1, 2 and 3 and takes a value between 0 and 1 in quadrant 4, depending on the yaw rate and yaw acceleration (see below).
Effect on hydrodynamic inertia. Figure 14 shows the additional sway added mass for full ahead propeller action. As a result, the total sway added mass will decrease in muddy navigation areas, but increase when navigating above a solid bottom, although the effect is rather small. With astern propeller action, a significant influence on the added mass terms is observed (Fig. 15) . In the yaw equation, the additional added moment of inertia Stationary force and moment. The average lateral force and yaw moment induced by propeller action depend on F n , b and g in the first quadrant. As b and g appear to have the same effect, the sum of the two angles is used. In the third quadrant, both b and g are important, but the effect of each angle is different. In the even quadrants, e* has a significant effect, as does g in the fourth quadrant.
Results for the average lateral force in the first quadrant are shown in Fig. 16 . Y PT will be larger in muddy navigation areas. Of special interest is the asymmetry between positive and negative values of b + g. This asymmetry, which also occurs above a solid bottom as a result of the propeller direction, will increase in muddy navigation areas, especially with small drift or yaw rate angles when navigating in contact with mud. A clear distinction between solid and muddy bottoms in the second quadrant can be made when operating at lower e* values, which is the case when decreasing the propeller rate at a constant speed. The effect of e* is smaller in the fourth quadrant, yet a noticeable effect of g has to be taken into account, especially with highdensity mud layers.
Non-stationary force and moment. The amplitude of the oscillations is zero in the first and the third quadrants, and is as shown in Figs. 20, 21 in the even quadrants. Oscillations are far more important in the second quadrant and in muddy areas of lower density. The yaw rate does not seem to affect the oscillation amplitude in the second quadrant, but in the fourth quadrant a significant decrease in the amplitude is observed when yaw rate or yaw acceleration is significant.
Whether oscillations in the fourth quadrant have to be taken into account is decided by: When Eq. 20 is true, the oscillation amplitude is zero, whereas if Eq. 21 is true, the amplitude accounts for 100% of the modelled value of Y PTA or N PTA . If both expressions are false, a linear fraction of the oscillation amplitude is applied. This approach has proven to be accurate when no contact occurs between keel and mud.
When contact occurs, oscillations should always be accounted for. The non-dimensional frequency of the oscillations in the second and fourth quadrants is the same as for the lateral force and yaw moment (Figs. 22, 23) . The mud characteristics only seem to affect the maximal frequency, which is smaller in the fourth quadrant. The phase angle of the oscillations depends on the propeller loading.
Rudder-induced forces
Rudder dynamics All ship models were equipped with a single rudder (see Table 1 ). Open water tests were carried out for each rudder, measuring lift and drag in a 360° range of angles of attack a R . The non-dimensional drag and lift coefficient are defined as follows: d 0 , the rudder angle when the normal force F N vanishes, is a correction for flow asymmetry:
The asymmetry correction is approximately -2° above a solid bottom or a low-density mud layer. The correction turns positive for high-density mud layers. The influence of slip ratio on d 0 is neglected. b R in Eq. 24 is the local drift angle at the rudder:
u R and v R are the longitudinal and transverse components of the flow velocity near the rudder:
Using Eqs. 22-27, the forces on the rudder can be calculated: The flow velocity on the rudder depends on the hull form, which induces a wake (in the longitudinal direction) and a change of flow direction (in the transverse direction), and on the propeller, which accelerates the longitudinal flow depending on the rudder-propeller distance and on the rudder area affected by the propeller flow. The wake at the rudder is not necessarily the same as at the propeller: a new wake factor has to be introduced. Different wake factors for F X and F Y will be derived from test results because the wake factor depends on the rudder angle. The water velocity aft of the propeller can be approximated by expressions based on impulse theory:
for the first quadrant:
h e e h e p sin sin sin .
for the fourth quadrant:
In Eqs. 30, 31, h is the propeller-diameter-to-rudderheight ratio and k is a factor taking account of the rudder-propeller distance. Rudder forces appear to be less important in the second and third quadrants. The following simplified expression may be used in these quadrants to calculate the flow velocity u R :
where x is a coefficient that takes account of the propeller effect. For the second quadrant, the wake factor for the first quadrant can be used; in the third quadrant, w R can be neglected. One should be aware that some alternative formulations for Eqs. 30, 31 are physically more correct; nevertheless, acceptable models are obtained using the equations shown here. For instance, Eq. 31 is only valid for sufficient propeller speed, because the term under the square root can be negative in the fourth quadrant. When the propeller rate decreases by 0.15 n 0 , a linear interpolation between Eqs. 30 and 31 yields satisfactory results.
A model for the lateral flow velocity, valid in each quadrant is:
where k HR is the straightening coefficient and x R is the longitudinal position of the rudder axis. k HR takes the change of flow direction into account. In the literature, k HR values varying between zero and values greater than one are found, dependent on the propeller loading; moreover, it is often reported that the k HR value for yaw is twice the value for drift. However, during modelling it seemed more appropriate to set the value of k HR to 1. The change of flow direction is then covered by using a wake factor, which is dependent of the drift and yaw rate angle. Drift and yaw rate angle seem to influence the wake factor in the same way. The sum of the two angles is therefore used. This assumption is acceptable for small drift or yaw rate angles:
In this study, however, b + g is used for the whole range. Figure 24 shows the evolution of the wake factor for F X when b = g = 0. For large rudder angles the wake is smaller for high-density mud layers. For low-density mud layers, the wake increases in comparison to that obtained with a solid bottom.
It is remarkable that the wake is greater than one at small rudder angles, indicating a reversed flow. A possible explanation can be found in the pressure distribution, although this is still to be confirmed. When b or g is non-zero, a significant increase in w RX is observed if the sign of b + g is opposite to that of the rudder angle, which is, for instance, the case for a ship in a turning circle. Similar conclusions can be drawn for the fourth quadrant (Fig. 25) . The wake factor for larger rudder angles is smaller and varies less with the conditions of the navigation area.
The longitudinal velocity of the flow near the rudder with reversed propeller action depends on the x coefficient in Eq. 32, which is shown for some conditions in Fig. 26 . The influence of propeller action increases with decreasing ukc.
Figures 27 and 28 show the wake factor for F Y if b = g = 0; similar conclusions for F X are valid. In the fourth quadrant, values larger than 1 are obtained in some cases.
Rudder-induced longitudinal force
The longitudinal rudder force F X produces an increase in resistance X R . Usually the increase will be smaller than F X , which is modelled as follows: where t R > 0. However, in practice, the difference between X R and F X seemed insignificant; setting t R to zero was therefore deemed acceptable.
Rudder-induced lateral force
The asymmetric flow induced by the rudder not only results in a lateral force F Y on the rudder (with application point x R ), but also in an extra lateral force a H F Y (with application point x H ) as a result of an asymmetric flow around the hull. This leads to:
The coefficient a H is a function of e* and b + g in the first quadrant. Some examples for b + g = 0 are shown in Fig.  29 . a H reaches a maximum at a certain propeller loading, which is noticeably lower above solid bottoms. In selfpropelled conditions, a H increases with decreasing ukc and decreasing layer thickness. Navigating with a yaw or drift angle also increases a H to a maximum. The coefficient will drop to zero when the advance angle reaches 90°. In the second quadrant, the rudder does not seem to have a significant influence on the hull. Satisfactory results are obtained with a H = 0. Rudder angle variations do not affect the oscillations that are typical in this quadrant.
Also, in the third quadrant, rudder forces are small but a difference is still observed between F Y and Y R . A constant a H is used. Most remarkable is the sign reversal of a H between solid and muddy bottoms.
For the fourth quadrant, some results are presented in Fig. 30 . Again a constant value for a H seemed satisfactory. For positive ukc values, a H lies between 0 and -1, but when the ship's keel is near the interface, a H is more or less -1. In this case the rudder has no effect on the hull. With even smaller ukc values, the rudder induces an opposite effect.
Rudder-induced yawing moment
The lateral force equation, Eq. 36, yields a yawing moment which can be written as:
The application point x H can be written as a function of b + g in the first quadrant. x H takes a constant value in fourth quadrant. The application point of this force also moves amidships, resulting in only a small effect for the moment N R . x H moves aft with small positive drift and yaw rate angles, but moves fore when drift or yaw is negative.
Validation
Captive model tests for validation
Additional to the systematic captive model tests executed to determine the mathematical model, several validation runs were carried out for each bottom-ukc combination. During these tests, a large range of kinematic and control parameters were covered. The output of these validation runs was not used during mathematical modelling; in this way, they could be utilised for validating the latter by comparison with the output of the mathematical model.
The results for one test are shown in Fig. 32 : the test measurements appear to be reproduced fairly well by the mathematical models. Discrepancies may be ascribed to the stationary character of the mathematical model. 
Qualitative validation by pilots
Using the mathematical models described here, a comprehensive real-time simulation programme was completed at Flanders Hydraulics Research by Zeebrugge pilots. By means of a questionnaire, various aspects of the simulations were assessed qualitatively. A large majority of the participating pilots evaluated the realism of ship behaviour as "sufficient" to "excellent" (see Table 3 ).
Future efforts
The authors are aware of the limitations of the validation techniques described above. Validation tests only evaluate the ability of the mathematical model to reproduce the model test results without accounting for scale effects; validation by pilots is very subjective and is based on an evaluation only in a specific environment for a limited number of conditions. Especially in shallow and restricted waters, there is a lack of benchmark data that can be used for validating mathematical manoeuvring models. For this reason, the manoeuvres carried out by deep-draughted ships in the harbour of Zeebrugge will be monitored in detail in the near future, including recording of propeller, rudder and bow thruster actions as well as communication with tugs, so that additional full-scale validation data will be made available.
Conclusions
The results of a comprehensive captive model test series were used for determing mathematical manoeuvring models suited for simulation of harbour approach and harbour manoeuvres in muddy navigation areas. A broad range of mud characteristics (density, viscosity and layer thickness) was covered in combination with both positive and negative values of ukc (with reference to the water-mud interface). Extension of the existing formulations commonly used for mathematical manoeuvring models appear to be required for a realistic representation of the forces and moments acting on a ship manoeuvring in these conditions.
Although the formulation of some terms can potentially be improved, as suggested in this article, the mathematical model used here can be successfully applied for the modelling of manoeuvring in (very) shallow water. Whereas some hydrodynamic forces drastically change when the ship's keel penetrates the mud, other effects change rather smoothly at the transition from positive to negative ukc. 
